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Abstract 

Several aspects of the laws of first hitting times of points are investigated for 
one-dimensional symmetric stable Levy processes. Ito's excursion theory plays a 
key role in this study. 
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1 Introduction 

For one- dimensional Brownian motion, the laws of several random times, such as first 
hitting times of points and intervals, can be expressed explicitly in terms of elementary 
functions. Moreover, these laws are infinitely divisible (abbrev. as (ID)), and in fact, 
self-decomposable (abbrev. as (SD)). 

The aim of the present paper is to study various aspects of the laws of first hitting 
times of points and last exit times for one-dimensional symmetric stable Levy processes. 
We shall put some special emphasis on the following objects: (i) the laws of the ratio of 
two independent gamma variables, which, as is usual, we call beta variables of the second 
kind] (ii) harmonic transform of Ito's measure of excursions away from the origin. The 
present study is motivated by a recent work [49j by the authors about penalisations of 
symmetric stable Levy paths. 

The organisation of the present paper is as follows. In Section [21 we recall several 
facts concerning beta and gamma variables and their variants. In Section [HI we briefiy 
recall Ito's excursion theory and make some discussions about last exit times. In Section 
[U we consider harmonic transforms of symmetric stable Levy processes, which plays an 
important role in our study. In Section [SI we discuss the laws of first hitting times of 
single points and last exit times for symmetric stable Levy processes. In Section ^ we 
discuss the laws of those random times for the absolute value of symmetric stable Levy 
processes, which includes the refiecting Brownian motion as a special case. 
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2 Preliminaries: several important random variables 
2.1 Generalized gamma convolutions 

For a > 0, we write Qa for a gamma variable witli parameter a: 

P{Qa e dx) = -i-x'^-^e-'^da;, x > 0. (2.1) 

As a rather general framework, we recall the class of generalized gamma convolutions 
(abbrev. as (GGC)), which is an important subclass of (SD); namely, 

(GGC) C (SD) c (ID). (2.2) 

A nice reference for details is the monograph [7j by Bondesson. A recent survey can be 
found in James-Roynette-Yor [26]. 

A random variable X is said to be of (GGC) type if it is a weak limit of linear 
combinations of independent gamma variables with positive coefficients. 

Theorem 2.1 (See, e.g., [71 Thm.3.1.1]). A random variable X is o/ (GGC) type if and 
only if there exist a non-negative constant a and a non-negative measure U{dt) on (0, oo) 
with 

I |logt|f/(dt) < oo and [ -f/(dt) < oo (2.3) 
J(o,i] Ja,oo) i 



such that 



E[e-^^] = exp \-a\- [ log(l + \/t)U{dt) I , A > 0. (2.4) 

In what follows we shall call U{dt) the Thorin measure associated with X. 
By simple calculations, it follows that 

E[e-^^]=exp|-aA+ T ("-1^ - 1") f/((0, .))d.| (2.5) 



(2.6) 



= exp |-aA - ^ (1 - e-^") ^ (^J^ e-"*f/(dt)^ dwj . 

In particular, the following holds: The law of X is of (ID) type and its Levy measure has 
a density given by n{u) := ^ J^-g e~'"*f/(dt). Since un{u) is non-increasing, the law of 
X is of (SD) type. 

Theorem 2.2 (see, e.g., [7', Thm.4.1.1 and 4.1.4]). Suppose that X is of {GGC) type and 

that a = and b := f/((0, oo)) < oo. Then X may be represented as X ^= QiX for some 
random variable Y independent of Qh. The total mass of the Thorin measure is given by 

6 = sup{j,>0:£m ^ = o} (2.7) 

where p is the density of the law of X with respect to the Lebesgue measure: 

pix) = ^^x'~'E^-^^exp{-^)j. (2.8) 
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Remark 2.3. For a given X, the law of the variable Y which represents X as in Theorem 
12.21 is unique; in fact, the gamma distribution is simplifiable (see [iT, Sec. 1.12]). 

Remark 2.4. We do not know how to characterise explicitly the class of possible F's 
which represent variables of (GGC) type as in Theorem 12. 2[ As a partial converse, Bon- 
desson (see [71 Thm.6.2.1]) has introduced a remarkable class which is closed under mul- 
tiplication of independent gamma variables. 



2.2 Beta and gamma variables 

We introduce notations and recall several basic facts concerning the beta and gamma 
variables. See [HI Chap. 4] for details. For a,b > 0, we write Ba^h for a beta variable (of 
the first kind) with parameters a, b: 

PiBab e dx) = -^—x^-^il - x)^"Mx, < x < 1 (2.9) 
B{a,b) 

where B{a, b) is the beta function: 

L [a + 0) 

Note that Ba^t '= 1 — B^^a for a,b > and that Ba^i ^= for a > where U is a. uniform 
variable on (0, 1). The following identity in law is well-known: For any a,b > 0, 

(^Qa, Qb^ ^= {Ba,bQa+b, (1 — Ba,b)Ga+b) , (2-11) 



or equivalently, 



Ga 



Ga + Gb, ) = {Ga+b, Ba,b) (2.12) 

Ga + Gby 



where on the left hand sides Ga one? Gb ore independent and on the right hand sides Ba^b 
and Ga+b are independent. The proof is elementary; it can be seen in (4.2.1)], and 
so we omit it. 

Using the formula (12. lip , we obtain another expression of the Thorin measure of a 
variable of (GGC) type. 

Theorem 2.5. Under the same assumption as in Theorem \2.2. the total mass of the 
Thorin measure is given by 

6 = inf |c > : X GcYc for some random variable Yc independent of Gc^ ■ (2-13) 

Proof. Let us write b for the right hand side of (12.130 . 

By Theorem 12.21 we have X ^= Gb^ for some random variable Y independent of Gb- 
For any c > 6, we have Gb ^= GcBb,c-b where Gc and B^^c-b are independent, which implies 
that c>b for any such c. Hence we obtain b > b. 
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law 



Suppose that b > b. Then we may take c with b > c> b such that X = QcZ for some 
random variable Z independent of Qc- Then we have another expression of the density 

p(x) as 



p{x) 



„c-l 



r(c) 



X 



E 



exp 



By the monotone convergence theorem, this imphes that 



p{x) 



1 



hm = ^, . E 

x^o+ x""-^ T(c) 



> 0, 



[2.U) 



[2.15) 



which shows that c > 6 by the formula (12 ■71) . This leads to a contradiction. Therefore we 
conclude that b = b. □ 



2.3 Beta variables of the second kind 

Let us consider the ratios of two independent gamma variables, which are sometimes 
called beta variables of the second kind or beta prime variables. By the identity (12.111) . 
the following is obvious: For any a,b > 0, 

The law of the ratio Qa/Qb is given as follows: For any a,b > 0, 

PiK^edx) = r-rdx, x>0. (2.17) 

KGb J 5(a,6)(l + x)-+^ 

In spite of its simple statement, the following theorem is rather difficult to prove. 

Theorem 2.6 (see, e.g., O Ex.4.3.1]). For any a,b > 0, the ratio gjGb is of (GGC) 
type. Its Thorin measure has total mass a. 

For the proof, see [Tj. We omit the details. 

2.4 a-Cauchy variables and Linnik variables 

It is well-known that the standard Cauchy distribution ^j^dx and the bilateral expo- 
nential distribution |e~'^'dx satisfy the following relation: 

(R) The characteristic function of one of the two distributions is proportional 
to the density of the other. 

We shall introduce a-analogues of these two distributions which satisfy the relation (R). 

Let us introduce the a-analogue for a > 1 of the standard Cauchy variable C, which, 
as just recalled, is given by 

P{Cedx) = - — ^dx, xgM. (2.18) 

Tl 1 + X^ 
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We define the a-Cauchy variable Ca as follows: 

Note that C2 C. By a change of variables, the following is easy to see: For a > 1, let 
7 = 1/a G (0, 1). Then it holds that 

where e is a Bernoulli variable: P{e = 1) = P(e = —1) = 1/2 independent of and 
Qi-^. In particular, 



7 



'1-7 



\CX- (2.21) 



Note that the law of a standard Cauchy variable C2 is of (SD) type. Moreover, the 
following theorem is known: 

Theorem 2.7 (Bondesson [0]). For 1 < a <2, the law of \Ca\ is of (ID) type. 
It is easy to see that 

\C^\^U as a -^00 (2.22) 
where W is a uniform variable on (0, 1). 

Theorem 2.8 (Thorin [42]). For p > 0, the law of U^^ , which is called the Pareto 
distribution of index p, is of (GGC) type. 

Remark 2.9. The following problems still remain open: 

(i) Is it true that the law of Ca is 0/ (SD) type (or 0/ (ID) type at least)? 

(ii) Is it true that the law of \Ca\ is of (SD) type? 

(iii) Is it true that the law of |Cq,|~^ forp > is of (SD) type (or of (ID) type at least)? 

Remark 2.10. Bourgade-Fujita-Yor ([_8J) have proposed a new probabilistic method 
of computing special values of the Riemann zeta function C{2n) via the Cauchy variable. 
Fujita-Y. Yano-Yor [15] have recently generalized their method via the a-Cauchy variables 
and obtained a probabilistic method for computing special values of the complementary 
sum of the Hurwitz zeta function: C{2n, 7) + C{2n, 1 — 7) for < 7 < 1. 

Following [12], we introduce the Linnik variable Aq of index < a < 2 as follows: 

^FgieA^i ^ ^ ('2.23) 



It is easy to see that 



A/=X„(e) (2.24) 



5 



where = {Xa(t) : t > 0) is the symmetric stable Levy process of index a starting from 
such that 

P[e'^^"W] =e-*l^l", eeR (2.25) 

and e is a standard exponential variable independent of Xa- Hence the laws of Linnik 
variables are of (SD) type. A Levy process {Aa{t)) with Aq,(1) ^= is called a Linnik 
process; its characteristic function is: 

E [e^^^-W] = - — , 9eR. (2.26) 
^ ^ (1 + |6'|")* ^ ^ 

See James [23] for his study of Linnik processes. Note that the law of A„ has a continuous 
density La{x), i.e., 

P{Aa e dx) = La{x)dx. (2.27) 

Proposition 2.11. Suppose that 1 < a < 2. Then the a-Cauchy distribution and the 
Linnik distribution of index a satisfy the relation (R). 

Proof Note that the identities (12:231) and (12:271) show that 



OO 1 



OO 



e'''^L,(x)dx = ^ e ^- (2-28) 



By Fourier inversion, we obtain: 

1 r 1 



Ux) = -J — d^, xeR. (2.29) 



Hence: 



^[g^^^C] ^ sin(7r/a) ^^^^^^ ^ ^ ^^.30) 
27r/a 

Now the proof is complete. □ 



2.5 Log-gamma processes and their variants 



We recall the classes of log-gamma processes, 2;-processes and Meixner processes. 

It is well-known (see, e.g., [51]) that the law of the logarithm of a gamma variable 
log^a is of (SD) type. Let us introduce a Levy process (?7a(^) : ^ > 0) such that 

Va{l)'=l0gga. (2.31) 

Following Carmona-Petit-Yor [TOj, we call the process {ria{t) '■ t > 0) the log- gamma 
process. Please be careful not to confuse with the convention that log-normal variables 
stand for exponentials of normal variables. In (I2.3ip . we simply take the logarithm of a 
gamma variable. 

The Levy characteristics of {ria{t) '■ t > 0) are given as follows. 
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Theorem 2.12 (see [TU] and also [IS])- For any a > 0, the log-gamma process is repre- 
sented as 



(2.32) 



where . . . are independent gamma processes. In particular, the Levy exponent of 

{r]a(t) : t > 0) defined by 



r(a + ii 

r(a) 



admits the representation 



r{a + i6 

r(a) 



-a\u\ 



du 



(2.33) 

(2.34) 
(2.35) 



J-oo^ ' |M|(l-e-H) 

where ip{z) = r'{z)/r{z) is called the digamma function. 

Let {ria{t) : t > 0) and (r/b(t) : t > 0) be independent log-gamma processes. Then the 
difference (rjait) — rjbit) : t > 0) is called a generalized z-process (see [IE]). In particular, 
we have 



^?a(l) -^76(1) '= log^ 
Qb 

and this law is called a 2;-distribution. Its characteristic function is given by 



(2.36) 



E 



exp < iO log 



<3a 



B{a + i9,b-i6 
B{a,b) 



(2.37) 



and the law itself is given by 



P log — e dx = — — -; —7 



dx. 



(2.38) 



2.6 Symmetric 2;-processes 

We now consider a particular case of symmetric z-processes, i.e., 

(^a{t) = - {Va{t) - Vait)} , t > 0. 

TT 



We introduce a subordinator given by 



^^^){t) 



^2.39) 



^2.40) 
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where 7*^°), 7*^^^ . . . are independent gamma processes. The Levy measure of : t >0) 

may be obtained from the following: 



j=0 

00 



exp < —A 



JJexp <^ -t 



j=0 

00 



27(^')(t) 
7r2(j + ay 

1 — exp 



2Xu 



, du 



u 



n^^pj-^/ (l-e-^")exp(^- 
: exp ^ 



7r^(j + dy \ dti 



u 



) n('u)d 



(2.41) 

(2.42) 

(2.43) 
(2.44) 



where 



) = - V exp 



j=0 



7r\j + ay 



-u 



e-"*f/(dt) 



(2.45) 



(0,00) 



with 



j=0 



(2.46) 



Hence we conclude that the law of Sa(^) for fixed t is of (GGC) type. 

The following theorem, due to Barndorff-Nielsen-Kent-S0rensen [1], connects the two 
Levy processes and cTq: 

Theorem 2.13 ([1]; see, e.g., [ID]). The process (cra(t) '■ t > 0) may be obtained as 
the subordination of a Brownian motion {B{u) : u > 0) with respect to the subordinator 
{T.a{t):t>Q): 



aa{t)'^= B{E,{t)), t>0. 
the process {<Ja(t) : t > 0) is represented as 



Proof. By 



TT 



j=0 



J + a 



(2.47) 



(2.48) 



where 7*^°-' , 7*^^-' , . . ., . . . are independent gamma processes. Note that 



_ A2(t) '= V2B{-f{t)) 



law 



(2.49) 



where (A2(t) : t > 0) is a Linnik process, i.e., a Levy process such that A2(l) ^= A2. Now 
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we obtain 



TT '■ — ' ? + a 



law -L \ ^ 



j=0 



j + a 



law 



(Tait) 



(2.50) 

(2.51) 
(2.52) 



where on the right hand side of fl2.50p the Bj^s are independent of The proof is 

completed. 

The characteristic function of o"a(t) is given by 



where 



E[e^^""W] = (E 



MO) 



exp < I— log — 

^ Qa 



-a7r|u| 



— oo 
oo 



(1 - e^''") -— ^du 

^ ' |m|(1 -e-'^l"!) 



2 / (1-cos^m) 



u(l — e 



-du. 



For t = 1, the law of (7^(1) is given by 

P {aa{l) G dx) = P ( - log & G dx 



TT 



' Qa J B[a,a) (1 + e 
Example 2.14. When a = 1/2, let us denote 

The law of Ci is called the hyperbolic cosine distribution: 

1 . . 1 



■iTx\2a 



dx. 



P (Ci G dx) 



cosh TCX 



cosh 9 

Consequently, Ci and vrCi satisfy the relation (R). 
Example 2.15. When a = 1, let us denote 

:=Ei(t), Sr.= B{St) = a,it). 

The law of §i is called the logistic distribution: 

9 „.„ , . TT 



dx. 



sinh 9 ' 



P (§1 G dx) 



(cosh vrx) 



-dx. 



Consequently, Si and 7rC2 satisfy the relation (R). 



□ 

(2.53) 

(2.54) 
(2.55) 



(2.56) 



(2.57) 



(2.5^ 



(2.59) 



(2.60) 
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Let us introduce a subordinator (Tf) and then (Tf) such that 

Tt = B{Tt) (2.61) 

and that 

E[e^'^^] = i?[e-^^^^*] = (^^y . (2.62) 

It is well-known that the law of Ti is of (ID) type and hence that such processes exist. 
Now it is obvious that 

Ct'=Tt + St, Ct'=Tt + St (2.63) 

where (T^) and (St) are independent and so are (T^) and (St). 

For further study of these processes Ct, St and Tt, see Pitman- Yor [32J. By taking 
Laplace inversion, the density of the law of Ti can be obtained in terms of theta function; 
see Knight [28l Cor. 2.1] for details. 



2.7 Meixner processes 

Let P G (— vr, tt) and let (A^^(t) : t > 0) be a Levy process such that 



law 



A^^(l) = — lo 



Ga 



2^ Gl^a 



where j3 = (2a — l)7r. 



:2.64) 



The law of M./3{t) for fixed t is called a Meixner distribution because of its close relation to 
Meixner-Pollaczek polynomials (See p38], [39], [IQ] and [IZ]). The characteristic function 
of J^fsit) is given by 



E [e^^^M*)] 



cos ■ 



cosh ^ 



.tip (9) 



[2.65) 



where 



W) 



i9_ 
2^ 



271 



TT-/3 



2tt 



(e^^" - 1 - tOu) 



Msinh(7r-u 



-du. (2.66) 



The law of A^/3(t) itself is given by 



PiMfsit) E dx) 



(2cosf)^ 
27rr(t) 

(2cosf)^ 
27rr(t) 



+ ix 



dx 



e^"r(t/2)2e-**/2(")da; 



(2cosf) i^(t/2,t/2) 
27r 



(2.67) 
(2.68) 
(2.69) 
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where ^a{x) has been defined in fl2.55p . 

We simply write Aijj for A^^(l). Remark that this Meixner distribution is identical 
to that of the log of an a-Cauchy variable: 

'= — log |C„| where /?=(-- l) vr. (2.70) 



27T \a ^ 

Remark also that the law of Aip is symmetric if and only if (3 = (or a = 1/2). Then 
the corresponding Meixner distribution is identical to the hyperbolic cosine distribution, 
up to the factor 1/2; precisely: 

Mo '= - log \C\ '= — log £^ = -Ci. (2.71) 
71 2% g^^ 2 

2.8 a-Rayleigh distributions 

For an exponential variable c, the random variable 

n=V2t (2.72) 

is sometimes called a Rayleigh variable. We shall introduce an a-analogue of the Rayleigh 
variable. 

Let < q; < 2 and let t > 0. By Fourier inversion, we obtain from (12.251) that 

P{X^{t) G dx) = p't'\x)dx (2.73) 

where 

p^^\x) = — / e-'"«e-*l«l"d^ = - / cos(a;Oe-*«"de. (2.74) 

Note that 

pS")(0) = (2.75) 

Lemma 2.16. Let < a < 2. Then there exists a non-negative random variable TZa such 
that 

P(7^. >x) = x>0. (2.76) 
Pi (0) 

In particular, TZ2 = V^TZ = 2y/t. 

We call TZa an a-Rayleigh variable and its law the a-Rayleigh distribution. 

For the proof of Lemma r2.16[ we introduce some notations. For < a < 1, we denote 
by Ta the unilateral a-stable distribution: 

E [e"^^"] = e-^^ A>0. (2.77) 

We denote by 7^ the /i-size biased variable of 7^ with respect to h{x) = x~^/^: 



^[/ra] = ^^^f^^^ (2.78) 
for any non-negative Borel function /. The following lemma proves Lemma [2. 161 
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Lemma 2.17. Let < a < 2. Then the variable IZa is given by 



where the variables e and T^i2 <^i"^ independent. 



Proof of Lemma \2.17\ Since we have 
we obtain the following expression: 

1 



p'f\x) = E 



Hence we obtain 



Pi [x) 



X 



exp 



4rs 



E 



exp 



X 



2 



Using an independent exponential variable e, we have 

„2 



Pi [X) 

p^r\o) 

Now the proof is complete. 



E 



e > 



X 

471 

2 



E 



2jtrL > X 



(2.79) 



(2.80) 



(2.81) 



(2.82) 



(2.83) 
□ 



3 Discussions from excursion theoretic viewpoint 



Let us recall Ito's excursion theory 
and [35J, as well as [33j. 



and [SO])- See also the standard textbooks 



3.1 Ito's measure of excursions away from the origin 

We simply write D for the space D([0, oo);]R) of cadlag paths equipped with Skorokhod 
topology. Let X = (X(t) : t > 0) be a strong Markov process with paths in D starting 
from 0. Suppose that the origin is regular, recurrent and an instantaneous state. Then it 
is well-known (see [U Thm.V.3.13]) that there exists a local time at the origin, which we 
denote by L = {L{t) : t > 0), subject to the normalization: 



E 



/ e-*dL(t) 
Jo 



1. 



(3.1) 



This is a choice made in this section; but later, we may make another choice, which 
will be indicated as L^°'\t), L{t) being always subject to (13.11) . The local time process 
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L = {L(t) : t > 0) is continuous and non-decreasing almost surely. Thus its right- 
continuous inverse process 

r(/) = inf{t > : L{t) > 1} (3.2) 

is strictly-increasing. By the strong Markov property of X, we see that t{1) is a subordi- 
nator. We define a random set D to be the set of discontinuities of r: 

D = {/ > : r(/) -r(/-) > 0}. (3.3) 

It is obvious that D is a countable set. Now we define a point function p on D which 
takes values in D as follows: For I E D, 

I U otherwise. 

We call p = {p{l) : I E D) the excursion point process. Then the fundamental theorem of 
Ito's excursion theory is stated as follows. 

Theorem 3.1 (Ito [23j; see also Meyer |l3PJ). The excursion point process p is a Poisson 
point process, i. e. : 

(i) p is o -discrete almost surely, i.e., for almost every sample path, there exists a sequence 
{Un} of disjoint measurable subsets of 3 such that D = U„t/„ and {I E D : p{l) G Un] is 
a finite set for all n; 

(ii) p is renewal, i.e., p{- A s) and p{- + s) are independent for each s > 0. 
For a measurable subset U of D, we define a point process Pu : Du ^ © as 

Du = {leD: p{l) e U} and Pu = p\du- (3.5) 
We call Pu = {Pu{l) : / G Du) the restriction of p on U. The measure on D defined by 

n{U)=E[mA]^Du)] (3.6) 
is called ltd 's measure of excursions. 
Corollary 3.2 (Ito [2^). The following statements hold: 

(i) Let {Un} be a sequence of disjoint measurable subsets of 3. Then the point processes 
{Pu„} are independent; 

(ii) Let U be a measurable subset ofB) such that n{U) < oo. Then (0,/] fl Du is a finite 
set for all I > a.s. Set 

Du = {0 < Ki < K2 < ■ ■ ■}, p^(k„) = M„, n = 1,2, . . . . (3.7) 

Then: 

(ii-a) — Kn-i,Un : n = 1, 2, . . .} are independent where Kq = 0; 

(ii-b) For each n, k„ — Hn-i is exponentially distributed with mean l/n{U), i.e., P{nn — 
Kn-i >l) = e-'^(^) for I > 0; 
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(ii-c) For each n, P{un G ■) = ''^(' ^ U)/n{U); 

(iii) Let F{l,u) be a non-negative measurable functional on (0, oo) x D. Then 



E 



exp|-5^F(/,p(/))l 



exp 



(l_e-^(''-))d/®n(dM)|; (3.8) 
(iv) Let F{t, u) be a non-negative measurable functional on (0, oo) x D. Then 



E 



Y,nr{i-)Mi)) 



.l£D 



E[F{T{l),u)]dl®n{du). 



(3.9) 



The proofs of Theorem 13.11 and Corollary 13.21 are also found in [22] and [35] 
For M G D, define 

C{u) = sup{t > : u{t) ^ 0}. 



(3.10) 



For each excursion path p{l), I G D, C(p(/)) is finite and called the lifetime of the path 
p(/). For a measurable subset U of D, we set 



fee(o,/]nD[/ 



(3.11) 



Note that to{1) = t{1), / > 0. By Corollary 13.21 (iii). we see that the process (t{/(/) : / > 0) 
is a subordinator with Laplace transform E[e~'^'^^^^] = e'^^vW given by 



il)u{X) = n[l-e-^^]U], A>0. 



(3.12) 



Since ip{X) ■= i'oW < oo, we have n(^ > t) < oo for all t > 0; in particular, we see that 
the measure n is a-finite. 



3.2 Decomposition of first hitting time before and after last exit time 

We denote the first hitting time of a closed set F for X by 

Tp(X) = inf {t > : X{t) G F} . 



In particular, if F = {a}, the closed set consisting of a single point a G 
nothing else but the first hitting time of point a G M for X: 

T|^}(X) = inf {t > : X{t) = a} . 

The hitting time T|a}(X) may be decomposed at the last exit time from 0; 

T|4(X) =G|,}(X) + S|4(X) 



(3.13) 
Tp(X) is 

(3.14) 
(3.15) 



where G{a}(X) is the last exit time from before T{a}(X), and where S|a}(X) is the 
remainder of time after G{a}{X), i.e., 

G|„}(X) =sup{t < T|„}(X) : X{t) = 0}, S|„|(X) = T{,y{X) - G{a}{X). (3.16) 

The joint law of the random times G|a}(X) and S|(j}(X) is characterised by the following 
proposition: 
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Proposition 3.3. Let a ^ 0. Then the random times G'{a}(X) and H{a}(X) are indepen- 
dent. Moreover, the law of G{a}{X) is 0/ (ID) type. The Laplace transforms of G^aji^) 
and S|a}(X) are given as 



(3.17) 



and 



E e-^={">(^) = — ^[^ ^\ 3.18 



Consequently, the Laplace transform ofT^a}{X) is given as 



E [e-^^{''>(^)] = ^ (3.19) 



n 



-ACl 



{T{a}>C.} 



Proof. Set 

Ua= {ue^:T{a}{u) . (3.20) 

By Corollary 13.21 (i), we see that p^c and p^^ are independent. We remark that n{Ua) < 
00; in fact, if we supposed otherwise, then there would exist a sequence such that 
— > decreasingly and that X{tn) = a, which contradicts X(0+) = X{0) = 0. Set 

= inf{/ > : p(/) G t/J. (3.21) 

Then, by Corollary 13.21 (ii). we see that and p{Ka) are independent. Since = inf Djj^ 
and p(Ka) = Pu^i^Ka)^ they are measurable with respect to the a-field generated by Pu^. 
Hence we see that {Pu^^ ^a,p('«a)} are independent. Note that 

G{a}{X) = Tuc{Ka) and S|4(X) =T|,|(p(/€j). (3.22) 

Thus we conclude that G'|a}(X) and S{a}(X) are independent. Moreover, we see that 
the law of G[a}{X) is of (ID) type; in fact, r^/c is a subordinator with Laplace exponent 
'?/'(7c(A) and is an exponential variable with mean l/n{Ua) independent of r^/c. The law 
of S{a}(X) is given by 



n(M G © : T{a}{u) G 
niUa) 



P{E,^,{X) G •) = ^ ^ (3.23) 



Now the proof is completed. □ 
3.3 Excursion durations 

Let us consider the excursion straddling t. For a general study in the setup of linear 
diffusions, see 
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We define the last exit time from before t and the first hitting time of point after 
t as follows: 

Gt{X) = sup{s < t : X{s) = 0} and Dt{X) = inf{s > t : X{s) = 0}. (3.24) 
We define 

Et{X)=t-Gt{X) and MX) = Dt{X) - Gt{X). (3.25) 

We recall (see f l3.ip ) that L = {L{t) : t > 0) denotes the local time at of X and 
r = (r (/):/> 0) its right-continuous inverse. Then we have 

Gt{X) = T{L{t)-), Dt{X) = T{L{t)) (3.26) 

and 

Si(X) = t - rim-), A,(X) = r(L(t)) - r(L(t)-). (3.27) 
If the local time process L has the self-similarity property with index 7: 



L{ct) 



: t > r= (L(t) : t > 0), c> 0, (3.28) 



then we have 



L{ct) \ [t{c^I) 



ci 



: t > ) , ( : / > ) [> '= {(L(t) : t > 0), (r(/) : / > 0)} (3.29) 



for any c > 0; in particular, r is a stable subordinator of index 7. Hence the index 7 must 
be in (0,1). 

We now state two explicit results, the proofs of which are postponed after commenting 
about these results. 

Theorem 3.4. Suppose that the local time process has the self- similarity property of index 
< 7 < 1. Then 

(S,(X), A,(X)) f (3.30) 

where Bi^^^^ is a beta variable of index (1 — 7, 7) andlA is an independent uniform variable 
on (0,1). 

The following is a special case of Winkel [IHl Cor.l]: 

Theorem 3.5 ([45j). Suppose that the local time process has the self- similarity property 
of index < 7 < 1. Let c be an independent exponential time. Then 

(Ge(X), Se(X), A,(X)) ( ^„ ^ 1 (3.31) 

U 1 

where and Gi-y, respectively, are independent gamma variables of indeces 7 and 1 —7, 
respectively, and U is an independent uniform variable. 
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Generalizing a self-decomposability result of Bondesson (see [71 Ex.5.6.3]), Bertoin- 
Fujita-Roynette-Yor [31 Thm.1.1] and Roynette-Vallois-Yor [SHI Thm.5] have recently 
proved the following: 



Theorem 3.6 ([^ and [SB])- For any 7 G (0, 1), the laws 



-7 



and 




7 



(3.32) 



are both of (GGC) type with their Thorin measures having total mass 1 — 7. Here Qi-^y 
is a gamma variable of index 1 — 7 and U is an independent uniform variable. 

Example 3.7. For a symmetric stable Levy process of index a, it is well-known (see 
Kesten [27j and Bretagnolle [9]) that the origin is regular for itself if and only if 1 < a < 2. 
Let Xa = {Xa{t) : t > 0) be the symmetric stable Levy process of index 1 < a < 2. Then 
its local time process is given as 



for some constant C. Since X satisfies the self-similarity property with index 1/a, so does 
L with index 1 — 1/a, and hence Theorems 13.41 and 13.51 hold with 7 = 1 — l/a. 

Example 3.8. For a Bessel process of dimension d, it is well-known that the origin is 
regular for itself if and only if < < 2. Let X = {X{t) : t > 0) be a reflecting Bessel 
process starting from of dimension d = 2 — 2a, < d < 2 (or < a < 1) which is 
scaled so that it has natural scale and speed measure m(0, x) = x'^~^. Then its local time 
process is given as 



for some constant C. Since X satisfies the self- similarity property with index a, so does 
L with the same index a, and hence Theorems 13.41 and 13.51 hold with 7 = 0. For the 
relations among several choices in the literature, see [TH] . 

Example 3.9. Let a > and < f3 < min{l,l/Q;} and consider the process X = 
^m("),j(/3),o,o given in [171 Ex.2.4.(b)]. Then X satisfies the self-similarity property with 
index a, but this property seems to have nothing to do with the local time L. Since its 
inverse local time process r = Vm('^') ,j(i3\o,o satisfies the self-similarity property with index 
l/{aj3), so does L with index aP, and hence Theorems 13.41 and 13.51 hold with 7 = a/3. 

Remark 3.10. The identities in law Si(Xq,) = -6^,1-7 and Di(X„) - 1 = g^/Gi _7 are 
found in Feller [LA^ XIV. 3] as the long-time limit laws of similar random variables derived 
from random walks. 

Let us prove Theorems 13.41 and 13.51 for completeness of this paper. 




(3.33) 




(3.34) 
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Proof of Theorem \3.4\ Since t{c'1) '= cr(/) for c, Z > 0, we have ip{cX) = c'lplX). Hence 
we obtain 

df 

niC G dt) = 

for some constant C. For t > 0, the excursion straddhng time t is p{L(t)). Hence we 

Gt = r{L{t)-), E, = t- T{L{t)-), A, = C(p(^W)). 
Let p, q, r be positive constants. Then 



E 



--E 



--E 



r(l) 



r(l-) 



oo 



C(P(0) 



e-P*-«*dt 
CM 



/•oo /. /'C.W 

/ E [e-P"(')] d/ / n(dM)e-"^(") / e-^'*-^*dt 
Jo Jb Jo 



e-ii'(p)dl I C 

C 







dte 







Note that 
Hence we have 



~pt-qt 



1 



ds _„ 
p 

°° ds 



r * poo nt PC 

i)r(7)yo Jo ^ ' Jv 



c 



V^(i)r(7) Jo 

poo 

--C / dte-P*E 



dte'P* / dw-^fl -t;)^"ie-«''* 



^e— 
ds 



-rsvt 



1 S 



7+1 



exp —qBi-j^yt — r^—Y^t 



--C'E 



1 



for some constant C. 

On the other hand 
for fixed t > 0, and hence we have 



On the other hand, by the self-similarity property (I3.29I) . we have (S^, A^) ^= (tSi, tAi^ 



E 



f 

Jo 



E 



1 



p + gHi + rAi 



(3.47) 



Letting q,r —>■ 0+ and comparing (13.461) and (I3.47p . we have C = 1. Therefore we obtain 
the desired identity in law (13.301) by the uniqueness property of Stieltjes transform. □ 
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Proof of TheoremlM Note that {G„E„A,) = (eCi, eHi , eAi) by the self-similarity 

property fl3.29l) . We also note that (e(l — cSi_^^^) ^= by the iden- 

tity in law (12. lip . Therefore we obtain the desired identity in law fl3.3ip as an immediate 
consequence of Theorem 13. 4[ □ 

4 Harmonic transforms of symmetric stable Levy processes 

We keep the notation Xa = {Xa{t) : t > 0) for the symmetric stable Levy process of 
index a such that 

P[eis^^ii)] = e-m- ^ OeR. (4.1) 

Note that, with (jH]), we have X2(t) ^= V2B{t). We have 

P(X„(t) G da;) = p't'\x)dx (4.2) 

where 

pf)(x) = — / e-^^«e-*l«l"de = - / cos(a;Oe-*«"de. (4.3) 

271" J-oo Jq 

We suppose that 1 < a < 2. Then the Laplace transform 

«(")(x) = r e-'^'p^\x)dt = ^ r ^^d^ (4.4) 



Jo g + 
is finite. Define 

h^^\x) = m(")(0) - u^^\x), g > 0, X e M (4.5) 

and 

/i(")(x) = lim hl'^\x) = lim {^("^(O) - m(°)(x)}, x G R. (4.6) 

Lemma 4.1 (See also [ 29, Sec.4.2]). Suppose that 1 < a < 2. Then the following asser- 
tions hold: 

(i) <)(0) = u[''\0)q^-' for any q > where u[''\o) = ^1(1 - i)r(i); 

(ii) h^''\x) = /i(")(l)|x|"-^ for anyxeR where /i(")(l) = {2r(a) sin 

(iii) lim — = 1 for any x G M. 

Proof. The assertion (i) is obvious by definition. It is also obvious that 

h(-\x) = ^j^ l-cos(3:0 ^^ ^ /iM(l)|xr-\ X G R. (4.7) 
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For the computation: 



1 pl-cos^ 



TT 



= <^ 2r(a) sin 



(a — l)n 



-1 



see Proposition 17. II in the Appendix. Hence we obtain (ii). We obtain the assertion (iii) 
noting that 



Let (L^^'^t) : t > 0) be the unique local time process such that 
Then it is well-known (see [2] Lemma V.1.3]) that 



a.s. 



(4.9) 
□ 

(4.10) 



E 



*dL(")(t) 



(4.11) 



Let n*^"-' denote Ito's measure for the process Xa corresponding to this normalisation of 
the local time (L(")(t) : t > 0). Remark that 



L(")(t) =uS"^(0)L(t) (t>0), n 



(a) 



«!-)(o) 



-n 



(4.12) 



where {L(t) : t > 0) and n, respectively, are as defined by (13.11) and (13.61) . respectively. 
Theorem 4.2 ([49j and [IH]). Suppose that 1 < a < 2. Then 



n 



(°)[/i(")(X(t));C > t] = 1, t>0. 



(4.13) 



Consequently, there exists a unique probability measure P'^*"' on D such that 

E^'^'lZ,] = n(")[Zi/i(")(X(t));C > t] (4.14) 
for any t > and for any non-negative or bounded J^t-measurable functional Zf. 



The proof of Theorem 14.21 can be found in Thm.4.7], so we omit it. See 
Thm.1.2] for the proof of Theorem 14.21 for a fairly general class of one-dimensional sym- 
metric Levy processes. Several aspects of the law of local time process will be discussed 



in Hayashi-K. Yano [20 
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Example 4.3. In the case where a = 2, we have X2{t) = \/2B(t), and we have the 
following formulae: 

pf^(a;) =^^e-^, t>0,xeR, (4.15) 
2v Trt 

M(2)(a;) =-i-e-v^l'^l, g>0, xgM, (4.16) 

/i(2)(x) =i|a;|, xeR. (4.17) 

The process i^^it) '■ t >Q) under p'^*^' is nothing else but the symmetrised 3-dimensional 
Bessel process starting from the origin. 

Theorem 4.4 ([48j). Let q > 0. Then the following assertions are valid: 
(i) Suppose that 1 < a < 2. Then it holds that 

lim^f^ = l; (4.18) 

(iia) Suppose that 1 < a < 2. Let a 7^ 0. Then it holds that 

Uq {a-x)-uq (a) 

(iib) Suppose that a = 2. Let a 7^ 0. Then it holds that 

(2)/ N (2)/ \ 

x™o /i(2)(x) ■ ^^-^^^ 

The proof of the claim (i) of Theorem 14.41 can be found in [JHl Lem.4.4], so we omit 
it. The proof of the claim (iib) of Theorem 14. 41 is immediate from the formulae (14.161) and 
fl4.17p . so we omit it, too. The proof of the claim (iia) of Theorem 14.41 is immediate from 
the following estimate: 

Lemma 4.5 ([IH])- Suppose that 1 < a < 2. Let a,x eM. with < 2\x\ < \a\. Then there 



exists a constant Cjf^ such that 



|u(")(a-x) -?z(")(a)| < (4.21) 



(a) 



The proof of Lemma [4.51 can be found in [IHl Lem.6.2, (i)] in a rather general setting, 
but we give it for convenience of the reader. 

Proof of Lemma \4.5\ Integrating by parts, we have 

(a)r N ^ ^ f°° COS - cos{a - x)^ 



-x)- <^(a) =- / ^ ^ -d^ (4.22) 



1 af"df 
--1 WiaO-Aia-xmj^^, (4.23) 
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where 



sma; 

X 



(x^O), ^(0) = 1. 



Since ^\x) 



cos X smx 



^ (x 7^ 0), we have 



(a-x)C 



We change variables: y = m^, then we have 



\^'{y)\dy 







< 






J{a-x)^ \y\ 



- — -du 

\u\ 



< 



A\x\ 



Thus we have proved the estimate fl4.2ip . 
Let us prove the claim (iia) of Theorem 



(4.24) 



(4.25) 



(4.26) 
□ 



Proof of the claim (iia) of Theorem \4.4\ Without loss of generality, we may suppose that 
< 2\x\ < \a\. Using the estimate fl4.21|) . we obtain 



Uq [a — X) — Uq \a) 



/iH(x) 



< 



\x 



2~a 



which tends to zero since a < 2. Now the proof is complete. 



(4.27) 
□ 



5 First hitting time of a single point for 
5.1 The case of one-dimensional Brownian motion 

Let B = {B{t) : t > 0) denote the one-dimensional Brownian motion starting from 0. We 
consider the first hitting time of a G M for B: 



T{a]{B) = inf{t > : B{t) = a}. 



(5.1) 



It is well-known (see, e.g., ^Bj, Prop. II. 3. 7]) that the law of the hitting time is of (SD) 
type where its Laplace transform is given as follows: 



E 



jeBiTi.yiB)) 



E 



-\a9\ 



e e 



(5.2) 



where B = (Bit) : t > 0) stands for an independent copy of B. The identity (15.21) can be 
expressed as 



B{T{a}{B)) '= \a\C, T{,y{B) 2a'r^. 



(5.3) 



Let a > 0. Let us consider the random times G{a}{B) and E^a}{B). The following path 
decomposition is due to Williams (see [13] and [H]; see also Prop. VII. 4. 8 and Thm.VII.4.9 
of [3S]): 
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Theorem 5.1 ([53] and [S]). The process {B(t) : < t < T{a}(i?)) is identical in law to 
the process (Y(t) : <t < T') defined as follows: 

{Biit) forO<t<T{M}iBi); 
Y{t) = I B2{T - t) for T|M}(5i) <t<T- (5.4) 
[i?(T + t) forT<t<T' 

where M, Bi, B2 and R are independent, M is a uniform variable on (0,a), Bi and B2 
are both identical in law to B, R is a 3- dimensional Bessel process starting at 0, and T 
and T' are random times defined as follows: 

T = T{M}{Bi) + T|M}(52), T' = T + T|„|(i?). (5.5) 

From this path decomposition, we may compute the Laplace transform of G^a} {B) as 
foUows: 

E [e-«<«>(-)] =1^^{E [e--('">(-)])^ = 9 > 0. (5.6) 

We may also compute the Laplace transform of (B) as follows: 



E re-^S{„j(B)i ^ ^ U-,T,^,iR)l = q > q. (5.7) 

sinh(v2ga) 



In other words, we have 



E{a}{B)'=T{a}{R)'=a'S,. 



Remark 5.2. The laws of first hitting times are known to be of (SD) type also for Bessel 
processes with drift (see Pitman- Yor [31j) and of (ID) type for one-dimensional diffusion 
processes (see Yamazato [16] and references therein). 

5.2 The law of T|„}(X„) 

Let us consider the first hitting time of point a G M for Xa of index 1 < a < 2: 

T|,}(X„) =inf{t>0:X„(t) = a}. (5.9) 
It is well-known (see, e.g., [2, Cor. II. 5. 18]) that 

E[e-^Ti^yi^^)] = q > 0. (5.10) 

Uq '[0) 

Let Xa = {Xa{t) : t > 0) be an independent copy of X^. The following is a general- 
ization of the formulae (15.21) and fl5.3p . 
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Theorem 5.3. Suppose that 1 < a < 2. Let a G M. Then 



E 

and 



2n/a 



X4Tia}{X^)) = |a|C, T|,|(X„) ^^J;;}^^^^^ (5.12) 

where 7 = 1/a. 

We can recover fl5.3p if we take a = 2, noting that 

/ j-,x law „ / \ Ifiw ^" law " law " law „ 2/-r ^c; loN 

n.m = T,^„,(x,) = ^^j^pg^ = j^g;^ = se;;; = 2a t,,., (5.13) 

Proof of Theorem \5.3[ If we take q = |^|", then 

r^,,.^r!^^!(M,e, ,5.14) 



^io l^h + ieh ^ Jo i + ieh 

Hence, by the formula (15.101) . we obtain 

^[e-|err{.}(^.)] = E[cos{e\a\C^)] = ^[e^^l'^l'^-]. (5.15) 

This shows (15.111) and the first identity of fl5.12p . 

To prove the second identity of fl5.12l) . it suffices to prove the claim when a = 1; in 
fact, by the self-similarity property, we have 

T{a}iX^) = |arT|i|(X,). (5.16) 

Note that 

/ e-'^*P(T|i|(X.)<t)dt = -E[e-''^«(^'^)] = ^-^. (5.17) 
^0 y quq (0) 

Since u^^\o) = u^^\o)q'^^^ where 7 = ^, we have 

q''= . . / y-'-'e-^'dy. (5.18) 



qu^^\0) u[''\0) MS")(0)r(7) Jo 

Hence, by Laplace inversion, we obtain 

P(T|i}(X„) <t)= \ !\t - s)^-Vi"Hl)d.. (5.19) 
u\ ^(0)r(7) Jo 

By the scaling property 

pi")(x) = IpS"^ (^) , .>0, (5.20) 
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we obtain 



" kS^'IO) io rb-)r(i-T) p(°)(o) ' 

„ rb-)r(i-7) p;">(o) ^ ' 

(from (12.751) and (i) of Lemma 14.11) 

-P > J^s;^) (fro"^ (M)) (5.23) 

^ - < t ) . (5.24) 



(7^„)-i3l_^,^ y 

Now the proof is complete. □ 

5.3 Laplace transform formula for first hitting time of two points 

For later use, we prepare several important formulae concerning Laplace transforms for 
first hitting time of two points. 

Let us denote the symmetric a-stable process starting from x G M by X^(t) = x + 
Xa{t). Suppose that 1 < a < 2. Recall that the Laplace transform of first hitting time 
of a single point is given by (see (15.101) ) 

ifl^, := E re-^^{'"}(^S)l = ~ ^) . (5.25) 

The Laplace transform of first hitting time of two points, i.e., T|a}(X^) A T|;,}(X^), is 
given by the following formula: 



Proposition 5.4. Suppose that 1 < a < 2. Let x,a,b E M. Then 

^'i ■.= E re-'?^{«}(^S)AT{,}(xs)i ^ u^^\x-a)+v!-^\x-h) ^ 



Proof. For any closed set F, we denote 

= Tp{Xl) = inf{t > : X^(t) G F]. (5.27) 
Following [21 p.49], we introduce the capacitary measure as 

/i^(v4) = qjE [e--?^^; X^(T|) G A] dz, A G S(M). (5.28) 

Now we apply Theorem II. 2. 7 of [2J and obtain 

/ /x^(di/) / u^^\x-y)dx = [ E [e""^^] dx, A G B(R), (5.29) 

J J A J A 
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where we have used the fact that the process considered is symmetric. This imphes that 

E [e-^^^ = I n(")(a; - y)fiUdy). (5.30) 

By definition of /i^, we obtain 

E [e-^^i^] = QjE [e-^^^4")(a; - X^(T|))] dz. (5.31) 

Now we let F = {a,b}. Then we have TJ; = T^^^ A T^^y Noting that X^(T^) = a or 6 
almost surely, we have 

E [e-'^^-] = CUu^^\x -a) + C!^y,-\x - b) (5.32) 

where 

C^t = <lj E [e-'^^^; Tf„^ < Tf,^] dz. (5.33) 

Since Tp = Tp = almost surely, we have 

1 =Ca%.<H0) + Cl^4-\a - 6), (5.34) 

1 =C.%.<(& - «) + C!^a4"^iO). (5.35) 

Hence we obtain 

'(0) + '(a - O) 

Combining this with 05.321) . we obtain the desired result. □ 

The Laplace transform of first hitting time of point a before hitting b is given by the 
following formula: 

Proposition 5.5. Suppose that 1 < a < 2. Let x, a, 6 G M with a ^ b. Then 

^l^a^, ■■=E [e-^^^'^^^S). T^^^^xi) < T|,}(X:)] (5.37) 

_U'q\Q)Uq\x - a) - U^q\a - b)Uq\x - b) 

~ {4"H0)}2-{4")(a-6)}2 ■ 

Proof. Let us keep the notations in the proof of Proposition 15.41 Noting that 

Tfa} = T^b} + Tl} ° ^T^^,, on {Tf„j > Tf,^}, (5.39) 
we see, by the strong Markov property, that 



E 
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Thus we have 

Vl^a = ^l^a^b + Vl^b^a'PUa- (5-41) 

Combining this with the trivial identity 

(Pl^a,b = Vl-.a-<b + Vl-.b^a^ (5-42) 

we obtain 

x—>a,b / r- A'^\ 

This proves the desired resuh. □ 
Remark 5.6. The formula (15.381) can be written as 

E [e-''^{^>(^S). T^^^(x^) < r|,}(X:)] (5.44) 

_ ut\x - h)h^q\a -b)+ 4"^(0){/iS"^(x - 6) - hi''\x - g)} 
{u't\0)+u'f\a-b)}h'f\a~b) 

Letting q — >• 0+, we obtain 



(5.45) 



which is a special case of Getoor's formula [151 Thm.6.5]. See also |48i Thm.6.1] for its 
application to Ito's measure for symmetric Levy processes. 

Remark 5.7. Let a < x < b. Then, as corollaries of Propositions 15.41 and 15.51 we recover 
the following well-known formulae (see, e.g., |2ll Problem 1.7.6]) for the Brownian motion 
{B^{t) = X + B{t) : t > 0) starting from x: 



E \Q-iT{a}{B^)^T{b}{Bn] = cosh(v/2g(3: 
^ ^ cosh (72^ ■ ^) 



(5.47) 



and 

^.[e--«<-);r„,B.,<r„,B.,Hi^|^J|^. (5.48) 

5.4 The Laplace transforms of G^ayi^a) and S|a}(Xa) 

The following theorem generalises the formulae (15. 6p and (15.71) : 
Theorem 5.8. Suppose that 1 < a < 2. Let a 7^ 0. Then it holds that 

2/i(")(a)4"H0) 



and that 

u^^\a) 2/i(")(a)4°^(0) 
4"^(0)'{4")(0)}2-{4")(a)} 



^ r M Ua Zh^ '[a)Un U 
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Remark 5.9. The left hand sides of f l5.49p and fl5.50p are functions of g|a|° since 



G{a}{Xa) '= \a\°'G{i}{Xa) and E{a}{Xa] 



law 



^S|i|(X,). (5.51) 



We may check that so are the right hand sides by the following formulae: 



<)(0) = |ar-X;V(0), <^(a) 



"^/i(")(l)- (5.52) 



,;i)|„(l) and /i(")(a) = |, 
For the proof of Theorem 15. 8^ we need the following proposition. 
Proposition 5.10. Suppose that X = Xa with 1 < a <2. Let a 7^ and q,r > 0. Then 

Ur [a) Uq '{a) 



ni-) [e-^^w-KC-Tw);T|„| <C] 
Consequently, it holds that 

and that 



u^f^ (a) 



(5.53) 



2/i(")(a) 



(5.54) 



(5.55) 



Proof. Let us only prove the formula f l5.53p : in fact, from this formula we can obtain the 
formulae fl5.54p and fl5.55p immediately by the limit (14. 6 p and Lemma 14. 1[ 
Let e > 0. By the strong Markov property of n^"\ we have 



Here we used Theorem 14.21 Note that 



/l(")( 



X] 



x=X{e) 



e < T{a} 



(5.56) 
(5.57) 

(5.58) 



{{<(o)r-{<n«)n 



(5.59) 



/iH( 



/iH( 



Suppose that 1 < a < 2. Then we see that the right hand side of (15.590 converges to 
ulj^\a) as a: by Theorem 14.41 Letting e — 0+ in the identity f l5.56p -( l538l) . we obtain 
the formula f l5.53p by the dominated convergence theorem. 

Suppose that a = 2. We may assume without loss of generality that a > 0. Then we 
see that the quantity (15.580 is equal to 



\h(^){x) 



q 

x— »a-<0 



x=X{e) 



e < T^a}, X{e) > 



(5.60) 
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In fact, P'*'^' is nothing else but the law of the symmetrisation of the 3-dimensional Bessel 
process starting from the origin. We also see that the right hand side of (15.591) converges 
to 2u^c^\a) as X +0 by Theorem 14. 4[ Hence, letting e 0+ in the identity fl5.56p - 
fl5.60p . we obtain the formula (15.531) by the dominated convergence theorem. Now the 
proof is complete. □ 

Now we proceed to prove Theorem 15.81 
Proof of Theorem \5.8\ . Using the formulae (15.551) and (I5.53P (with r = g), we have 

nH [1 - e-''^; T|„| > C] (5.61) 
=n(-) [1 - e-'?^] - n(")(7^{a} < C) + n^") [e'^^; T^^y < (] (5.62) 



4")(0) 2/i(")(a) ufiO) {uf>{0)y-{ur{a)V 

Hence we obtain 

[1 - e-^g; T{,| > C] _ 2/i(°)(a)4")(0) 
n(^Kna}<() {4")(0)}2_{4")(a)p 

Combining this with the formula (I3.17p . we obtain (I5.49p . 
Using the formulae (I5.54p and (15.550 . we have 



1. (5.64) 



a) 



(5.65) 



n(^KT{a}<0 {4")(0)P-{4")(a)}2' 
Combining this with the formula (I3.18p . we obtain (I5.50p . □ 

5.5 Overshoots at the first passage time of a level 

For comparison with the description of the law of a first hitting time, we recall the law 
of the overshoot at the first passage time of a level. Let Xa = {Xa{t) : t > 0) denote 
the symmetric stable Levy process of index < a < 2 starting from the origin such that 

Let us consider the first passage time of level a > for X^'- 

T[a,oo){X^) = inf{t > : X,(t) > a}. (5.66) 

The variable Xa{T[a,oo){Xa)) — a is the overshoot at the first hitting time of level a. 

The following theorem is due to Ray [31], although he does not express his result like 
this: 

Theorem 5.11 ([3lj). Suppose that <a<2. Let a>0. Then 

X„(T[„,o,)(Xj) - a (5.67) 

where Gi-f and are independent gamma variables of indices 1 — f and ^, respectively. 
For its multidimensional analogue, see Blumenthal-Getoor-Ray |5j. 
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6 First hitting time of a single point for \Xa\ 

6.1 The case of one-dimensional reflecting Brownian motion 

We consider the first hitting time of a > for the reflecting Brownian motion \B\ 

mm 



T|4(|5|) =inf{t > : \B{t)\ = a} = T|,|(5) A Tr ^(E). 



(6.1) 



It is well-known (see, e.g., [351 Prop. II. 3. 7]) that the law of the hitting time is of (SD) 
type where its Laplace transforms is given as follows: 



E 



--E 



e 2 



1 



cosh(a^) 



e e 



The identity (16. 2p can be expressed as 



5(T|4(|i?|)) aCi '= 2aMo, T|„}(|i?|) a^C,. 



Noting that 



1 



2e-"l' 



cosh(a^) 1 + e-^'^l^l 
we have the following expansion: 



2na\e\ 



(6.2) 



(6.3) 



(6.4) 



?i=0 



(6.5) 



n=0 



Let us consider the random times G{a}{\B\) and H{a}(|_B|). By means of random 
time-change, Williams' path decomposition (Theorem 15.11) is also valid for the reflecting 
Brownian motion \B\ instead of B. Hence we may compute the Laplace transforms of 
these variables as follows: 

E [e-^^wd^D] = r^{E [e-i^i^m)])' = ^^^HV^^a) ^ ^ ^ ^ 
Jo 0, \/2qa 



and 



2g|a| 



sinh(y2g|a.|) ' 
In other words, we have 



g > 0. 



(6.7) 



(6.8) 
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6.2 Discussions about the Laplace transform of Tja} (|Xo|) 

Let us consider the first hitting time of point a > for \Xa\ of index 1 < a < 2: 

T{4(|X«|) =inf{t > : |X„(t)| = a} = T{a}iX^) A T{_„}(X„). (6.9) 

The following theorem generalises the Laplace transform formula (16.21) and the expan- 
sion (16.51) . 

Theorem 6.1. Suppose that 1 < a < 2. Let a G R. Then 



2ut\a) 



4")(0)+Mr(2a) 



=2X](-1)"E 



n=0 



(6.10) 
(6.11) 



where Xa \ . . . , x'^\ 



are independent copies of X^ 



Proof. Applying Proposition 15.41 with x = and h = —a, we obtain the first identity 
(l6.1Up . Expanding the right hand side, we have 



Using the formula (I5.25p . we may rewrite the identity as 

E [e-'i^Mil^'^D] = 2E [e-'^^M^''-^] J](-l)" [e-«^{2.}(x.)] y 

n=0 

This is nothing else but the second identity (16.111) . 

In the case of Brownian motion B = {B{t)) on one hand, we have 



(6.12) 



T^a}{B) + T|2a}(5«) + ■ ■ ■ + T|2a}(5 



law 



{(2n+l)a} 



a}{B) 



(6.13) 

□ 

(6.14) 



where B^^\ . . . , B^'^^ are independent copies of B. In the case of symmetric a-stable 
process X^ = {Xa{t)) for 1 < a < 2 on the other hand, however, the law of the sum 



T|,}(x„) + r|2.}(x(i)) + ■ ■ ■ + r|2a}(x(") 

differs from that of T{(2n+i)a}{Xa)- In fact, we have the following theorem. 
Theorem 6.2. Suppose that 1 < a < 2. Let a G R. Then, for any q > and n > 1, 



(6.15) 



E 



(6.16) 
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Proof. Set 

Then it suffices to prove that Dn > for all n > 1. 

Let us keep the notations in the proof of Proposition 15.41 Note that 

= ^L(2n+l)a " Vl^(2n-l)aVl^2a- (6-18) 

Using the formula fl5.4ip and the translation invariance, we have 

^0^{2n+l)a ~V^0^(2n+l)a-<{2n-l)a ^0^{2n-l)a-<{2n+l)a^ {2n-l)a^(2n+l)a (6.19) 
^^0->{2n+l)a-<{2n~l)a + ^0-*{2n--l)a-<{2n+l)a^0^2a- (6.20) 

Using the formula fl5.4ip . the translation invariance, and the symmetry, we have 

V^0^{2n-l)a ~ ^0->{2n-l)a^{2n+l)a ~^ V^0-+{2n+l)a^{2n-l)a'^0-^2a- 

(6.21) 

Hence we obtain 

= <^L(2n+l)a^(2n-l)a " (^0^2a)'} , (6-22) 

which turns out to be positive because both V^o^(2n+i)a^(2n-i)a Vo->2a positive and 
less than 1. Now the proof is complete. □ 

Remark 6.3. The consistency of the two formulae (16.181) and (I6.22p can be confirmed by 
the formulae (15.250 and (15.380 as follows: 



<^L{2n+l)a^{2n-l)a i 1 - (<^0-2a) } (6-23) 



2 



4")(0)4'^)((2n + l)a) - 4"^(2a)4"^((2n - l)a) f (2a) ^4) 



{nS")(0)}2-{4")(2a)}2 I \u'f\0) 

4"H(2^ + 1)«) 4"H(2ri-l)a) ul^\2a) 




- t ^ f ^ f ^ (6-25) 

w^-^o) 4"^(o) 4"^(o) 

=V'L(2n+l)a - ¥'L(2n-l)aV'0-.2a- (6-26) 

6.3 The Laplace transforms of G{a}(|XQ,|) and S{a}(|Xa|) 

Since \Xa\ = {\Xa(t)\ : t > 0) is a strong Markov process, the arguments of Section ing are 
valid for X = \Xa\. Let us compute the Laplace transforms of GjaidXal) and S|a}(|Xa|). 

Theorem 6.4. Suppose that 1 < « < 2. Let a > 0. Then it holds that 

E \Q-iG{a)(\x.m = 2V^^V) 27) 

^ ^ {4°^(0) + 4"^(2a)}{4/i(-)(a)-/i(")(2a)} 



32 



and that 

E \e-^={a}i\x-\)] = 'i V >^ ^ 6.28) 



1 

•where 

V;("Ha) := {<H0)}^ + 4")(0X)(2a) - 2{<)(a)}l (6.29) 

For the proof of Theorem 16.41 we need a certain Laplace transform formula for first 
hitting time of three points. Avoiding unnecessary generality, we are satisfied with the 
following special case: 

Proposition 6.5. Suppose that 1 < a < 2. Let x, a G M. Then 

vUo,a,-a ■■=E [e-^^^o-^i^^S)] (6.30) 

=Co^a,-aUg{x) + C^a^o,-aUg{x - a) + Cl^^Q^^Ug{x + o) (6.31) 



where 

cLa,^a = ' (6.32) 

and 



4°^(0)+ 4"H2a)- 24"^(a) 
Vt\a) 



4"^(0)-4")(a) 



^l-iO-a — C-a-iO^a— ^ Aa) , x ' (6.33) 

Vq («) 

The proof of Proposition 16.51 is similar to that of Proposition 15.41 based on the identity 
fl5.3ip with F = {0, a, —a}, so we omit it. 

Proposition 6.6. Suppose that 1 < a < 2. Let x,a eM. with a 7^ 0. Then 

^Ua,-a^o ■■=E [e-^^(-»>(^S). T|,,_4(X:) < T|o}(X:)] (6.34) 

q q q 



4"H0) \u^^\x -a)+ u^^\x + a) I - 2u^^\a)u^^\x) 

= ^ n • (6-36) 

The proof of Proposition 16.61 is similar to that of Proposition 15.51 so we omit it. 
Let m^") denote Ito's measure for \Xa\ corresponding to the local time satisfying 
( I4.10p . The following proposition is crucial to the proof of Theorem 16.41 

Proposition 6.7. Suppose that 1 < a < 2. Let a > and q,r > 0. Then 

re-^^w-KC-T,.>)^ < ^1 !|lM . ?!|!M. (6.37) 



1 - ^l^n^a 
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Consequently, it holds that 



^(a) [e-'^WjTi^i <C] 



and that 



m(-)(T|,}<C) 



(6.38) 



(6.39) 



4/i(")(a) - h("){2a)' 
Proof of Proposition \67}\ By definitions of n^"^ and m^"\ we have 

^Q-lT{a}-r{(-Ti,y). J^^^^ < (\ = n^^^ \Q-lT{a.-a}-r{C-T{a.-a}) . T{a,-a} < C] • (6-40) 

Let £ > 0. Tlien we liave 

(<^^.^a,-a^o) L=x(e) ' '^^-O? ^ < ^{a,-a} A C (6.42) 



(x) 



x=X(e) 



; ^ < ^{a -a} 



(6.43) 



Here we utilised Theorem 14. 2[ Noting that, by Theorem 14.41 we have 



y Uq {a — x) + Uq {a + x) — 2Uq (a) 



/iH(x) 







(6.44) 



in whichever case where l<Q;<2ora = 2. Hence, we utihse Proposition 16.61 and obtain 

(6.45) 



hm '^^^«-«-<o - 2m5"V) 



.0 /iH(x) \/J")(a)' 

Thus, letting e 0+ in the formula fl6.43p . we obtain fl6.37p by the dominated con- 
vergence theorem. By letting r 0+ in the formula (16.371) . we obtain (16.381) . Noting 
that 



V;(")(«) = 2 «H0) + hll'^a) - u'f\0)h^^\2a), (6.46) 



we have 



lim 



24° V) _ 2 
0+ Vg(")(a) ~4/i(")(a)-/i{")(2a)- 

Hence, by letting q —>■ 0+ in the formula (16.381) . we obtain 
complete. 



(6.47) 

Now the proof is 
□ 



The proof of Theorem 16.41 is now completely parallel to that of Theorem 15.81 Thus we 
omit the proof of Theorem 16. 4[ 
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7 Appendix: Computation of the constant h^^\l) 
Proposition 7.1. For 1 < a < 3, it holds that 

- / dx = 7.1 

As a check, the formula (17.11) in the case when a = 2 is equivalent via integration by 
parts to the well-known formula: 

°° sinx , TT 

dx = -. (7.2) 







X 2 



Proof. We start with the identity: 

oo 

x^-'e-^'dx = r(7)z-^ (7.3) 

for 7 > and Re 2; > 0. For 0<a<l, £:>0 and A G M, we set 7 = 1 — a and z = e — i\. 
Then we obtain 

00 i\Xp—ex 

dx = T{l-a){e-i\Y-\ (7.4) 

Using the identity r(2 — a) = (1 — a)r(l — a) and subtracting (17.41) for A = from that 
for A = A, we obtain 

^ ' dx = r(2 - a) ■ . (7.5) 

Rewriting the right hand side, we obtain 

r-oo Q giAxNg— EX fe—iX 



dx = r(2-a) / z'^-'dz (7.6) 



where the integration on the right hand side is taken over a segment from {e — il : I E M}. 
Since both sides of (17. 6p are analytic on < Re a < 2, we see, by analytic continuation, 
that the identity (17.61) remains true for < a < 2. 

Let us restrict ourselves to the case when 1 < a < 2. Taking the limit e — >■ 0+ on 
both sides of the identity (17.61) . we obtain 

^dx=r(2-a) / z^'-^dz (7.7) 

Jo 

=r(2 - a) . (7.8) 
a — 1 

where the branch of fiw) = w"'^^ is chosen so that /(I) = 1. Hence we obtain 

^^dx =r(2 - a) ■ e-^. (7.9) 

x'^ ^ ^ a-1 ^ ^ 
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Taking the real parts on both sides, we obtain 



°°l-cosAa;, , A"-^ 7r(a - 1) , 
dx=r(2-a) -cos^- — -. (7.10) 



a — 1 

Letting A = 1, we obtain 



1 /""^l-cosx, r(2-a) 7r(a-l) , 
' da;=^ "Y-cos^— — -. (7.11) 



vr 7o a^" 7r(a - 1) 2 

(We may find the formula fl7.1ip also in [211 pp.88].) By a simple computation, we have 

(7.13) 



(a-l)r(a-l) 2sin^ 



2T{a) sin 



7r(a— 1) 



2 

(7.14) 



Hence we have proved the identity (17.11) when 1 < a < 2. By analytic continuation, 
the identity (17. ip is proved to be valid also when 2 < a < 3. Therefore the proof is 
complete. □ 
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